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Abstrat
We disuss toroidal orbifolds of the E8 × E8 heteroti string, in whih the
free fermioni Higgsmatter splitting is implemented by a shift in the internal
lattie oupled with the fermion numbers of the gauge degrees of freedom. We
onsider models in whih some hoies of the orbifold result in the projetion
of the graviton. In the models that we onsider the projetion also results in
ipping the spinstatistis assignments in the massive string spetrum, whereas
the massless spetrum retains the onventional spinstatistis assignments. We
argue that the partition funtions are mathematially onsistent for one and
multiloop amplitudes, owning to the existene of supersymmetry in the spe-
trum. A duality between dierent models at nonzero temperature is briey
disussed.
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1 Introdution
The Standard Model of partile physis is a nonsupersymmetri renormalizable
pointlike quantum eld theory and it aounts suessfully for all subatomi experi-
mental data to date. On the other hand, gravity, whih desribes physial phenomena
at the elestial and osmologial sales annot be formulated onsistently as a non
supersymmetri point like quantum eld theory. However, there is nothing sared
about the pointlike idealisation of elementary partiles. The mundane generalisa-
tion of pointlike partiles to strings provides a framework for a onsistent ommon
formalism of gravity and the subatomi interations. Indeed, string theory gives
rise to phenomenologial models that are used to explore how string theory onnets
to ontemporary experimental data. An important step in the development of string
theory was obtained by the understanding that the ve dierent supersymmetri ten
dimensional theories, as well as eleven dimensional supergravity, may be related by
perturbative and nonperturbative duality transformations [1, 2℄. However, it is well
known that string theory gives rise to a number of nonsupersymmetri ten dimen-
sional vaua that may be tahyoni or nontahyoni [3, 4℄. It is plausible that the
resolution of some of the phenomenologial issues faing string theory, in partiu-
lar in relation to the osmologial evolution and vauum seletion, will be gained
by improved understanding of these nonsupersymmetri vaua and how they t in
the fundamental theory that underlies the string theories. Furthermore, it is likely
that progress an be ahieved by exploring some of the features of these vaua in
onnetion with the phenomenologial string vaua.
In this paper we therefore pursue this line of exploration. The relevant lass
of phenomenologial string vaua are the quasirealisti heterotistring models in
the free fermioni formulation that are related to Z2 × Z2 orbifold models. Quasi
realisti orbifold models have been onstruted primarily by using bosoni tehniques
(see e.g. [5℄ and referenes therein), that provide a better insight to the underlying
geometry. There is ruial distintion, however, between the models based on the
fermioni tehniques and those based on the bosoni tehniques in that the latter
start from the E8×E8 heterotistring and ompatify six dimensions on an internal
manifold, whereas the fermioni models are formulated diretly in four spaetime
dimensions. In partiular, the fermioni models utilise a projetion that is reminisent
of the projetion from the ten dimensional E8×E8 vauum to the SO(16)×SO(16)
one. The important onsequene of this projetion in the quasirealisti fermioni
orbifold models is that it breaks the E6 GUT symmetry to SO(10) × U(1) and
splits the spinorial (matter) and vetorial (Higgs) representations [6℄. In ref. [7℄ it
was shown how the two partition funtions pertaining to the four dimensional free
fermioni models with E8×E8 and SO(16)×SO(16) gauge groups an be onneted
by an orbifold projetion. A route to improve the understanding of phenomenologial
string models an be ahieved by implementing this projetion in the orresponding
bosoni orbifold onstrutions. In this paper we undertake this task. In the pursuit
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of this analysis we will explore a slight variation of our initial orbifold that will open
up new vistas. The slight variation is a disrete hange of a sign in the orbifold ation
that results in a partition funtion that does not ontain gravity at all, i.e. it is a
little heteroti string, in this sense the model under onsideration is similar to the
little string theories onsidered previously (see for example [8, 10, 11℄ and referenes
therein). Yet, it orresponds to a modular invariant ritial string theory, i.e. it is a
onsistent string vauum. In the spirit that we espouse here, in order to improve our
understanding of string theory, it is vital to explore all the onsistent string vaua
and not merely those that may be phenomenologially relevant.
While the orbifold projetion is a disrete hoie, it is often seen that it an
arise from disrete hoies of vauum expetation values of bakground elds. In
this respet the a priory distint vaua may be onneted by ontinuous variation
of the bakground eld. While in the eetive eld theory limit the two vaua are
distint and annot be onneted, at the string level massless and massive states are
exhanged by duality transformations. This is the view for example in the ase of the
spinorvetor duality reently observed in free fermioni heteroti string models [12℄.
Following this lead and by ompatifying the time oordinate we investigate the
possibility that the two partition funtions an arise from suitable hoies of the
bakground parameters and argue that this is in fat possible. The impliation is
that the graviton is not dierent from any other string mode. Namely, it an be
exhanged between the massive and massless spetrum and an be viewed as arising
dynamially by some suitable hoie of spei bakground parameters.
2 Elements of free fermioni models
In this setion we highlight the features of the free fermion models that will be
exploited in subsequent analysis. In the free fermioni formulation of the heteroti
string in four dimensions all the world-sheet degrees of freedom required to anel
the onformal anomaly are represented in terms of free fermions propagating on the
string world-sheet [13℄. In the light-one gauge the world-sheet fermion eld on-
tent onsists of twenty real fermions in the supersymmetri setor and fortyfour
real fermions in the nonsupersymmetri setor. Under parallel transport around a
non-ontratible loop on the toroidal world-sheet the fermioni elds pik up a phase,
f → −eipiα(f)f , α(f) ∈ (−1,+1]. Eah set of speied phases for all world-sheet
fermions around all the non-ontratible loops is alled the spin struture of the
model. Suh spin strutures are usually given is the form of 64 dimensional bound-
ary ondition vetors, with eah element of the vetor speifying the phase of the
orresponding world-sheet fermion. The basis vetors are onstrained by string on-
sisteny requirements and ompletely determine the vauum struture of the model.
The physial spetrum is obtained by applying the generalised GSO projetions.
The boundary ondition basis dening a typial realisti free fermioni heteroti
string model is onstruted in two stages. The rst stage onsists of the NAHE
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set, whih is a set of ve boundary ondition basis vetors, {1, S, b1, b2, b3} [14℄.
The gauge group after imposing the GSO projetions indued by the NAHE set
is SO(10)× SO(6)3 × E8 with N = 1 supersymmetry. The spae-time vetor bosons
that generate the gauge group arise from the Neveu-Shwarz setor and from the
setor ξ2 ≡ 1 + b1 + b2 + b3. The Neveu-Shwarz setor produes the generators of
SO(10)× SO(6)3 × SO(16). The ξ2-setor produes the spinorial 128 of SO(16) and
ompletes the hidden gauge group to E8. The seond stage of the onstrution on-
sists of adding to the NAHE set three (or four) additional boundary ondition basis
vetors, typially denoted by {α, β, γ} [15℄. These additional basis vetors redue the
number of generations to three hiral generations, one from eah of the setors b1,
b2 and b3 and simultaneously break SO(10) to one of its subgroups SU(5) × U(1),
SO(6)× SO(4), SU(3)× SU(2)×U(1)2 or SU(3)× SU(2)2 ×U(1).
The orrespondene of the NAHE-based free fermioni models with the orbifold
onstrution is illustrated by extending the NAHE set, {1, S, b1, b2, b3}, by one addi-
tional boundary ondition basis vetor [16℄
ξ1 = (0, · · · , 0| 1, · · · , 1︸ ︷︷ ︸
ψ¯1,··· ,5,η¯1,2,3
, 0, · · · , 0) . (2.1)
With a suitable hoie of the GSO projetion oeients the model possesses an
SO(4)3 × E6 × U(1)2 × E8 gauge group and N = 1 spae-time supersymmetry. The
matter elds inlude 24 generations in the 27 representation of E6, eight from eah
of the setors b1 ⊕ b1 + ξ1, b2 ⊕ b2 + ξ1 and b3 ⊕ b3 + ξ1. Three additional 27 and 27
pairs are obtained from the Neveu-Shwarz ⊕ ξ1 setor.
To onstrut the model in the orbifold formulation one starts with the ompati-
ation on a torus with nontrivial bakground elds [17℄. The subset of basis vetors
{1, S, ξ1, ξ2} (2.2)
generates a toroidally-ompatied model with N = 4 spae-time supersymmetry
and SO(12) × E8 × E8 gauge group. The same model is obtained in the geometri
(bosoni) language by tuning the bakground elds to the values orresponding to
the SO(12) lattie. The metri of the six-dimensional ompatied manifold is then
the Cartan matrix of SO(12), while the antisymmetri tensor is given by
Bij =


Gij ; i > j,
0 ; i = j,
−Gij ; i < j.
(2.3)
When all the radii of the six-dimensional ompatied manifold are xed at
RI =
√
2, it is seen that the left- and right-moving momenta P IR,L = [mi −
1
2
(Bij±Gij)nj ]eIi ∗reprodue the massless root vetors in the lattie of SO(12). Here
ei = {eIi } are six linearly-independent vielbeins normalised so that (ei)2 = 2. The eIi ∗
are dual to the ei, with e
∗
i · ej = δij .
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Adding the two basis vetors b1 and b2 to the set (2.2) orresponds to the Z2×Z2
orbifold model with standard embedding. Starting from the Narain model with
SO(12) × E8 × E8 symmetry [17℄ and applying the Z2 × Z2 twist on the inter-
nal oordinates, reprodues the spetrum of the free-fermion model with the six-
dimensional basis set {1, S, ξ1, ξ2, b1, b2}. The Euler harateristi of this model is 48
with h11 = 27 and h21 = 3. It is noted that the eet of the additional basis vetor ξ1
of eq. (2.1) is to separate the gauge degrees of freedom, spanned by the world-sheet
fermions {ψ¯1,··· ,5, η¯1, η¯2, η¯3, φ¯1,··· ,8}, from the internal ompatied degrees of freedom
{y, ω|y¯, ω¯}1,··· ,6. In the "realisti free fermioni models" this is ahieved by the vetor
2γ [16℄
2γ = (0, · · · , 0| 1, · · · , 1︸ ︷︷ ︸
ψ¯1,··· ,5,η¯1,2,3φ¯1,··· ,4
, 0, · · · , 0) , (2.4)
whih breaks the E8 × E8 symmetry to SO(16)× SO(16). The Z2 × Z2 twist breaks
the gauge symmetry to SO(4)3×SO(10)×U(1)3×SO(16). The orbifold still yields a
model with 24 generations, eight from eah twisted setor, but now the generations
are in the hiral 16 representation of SO(10), rather than in the 27 of E6. The same
model an be realized with the set {1, S, ξ1, ξ2, b1, b2}, by projeting out the 16 ⊕ 16
from the ξ1-setor by taking
c
(
ξ1
ξ2
)
→ −c
(
ξ1
ξ2
)
. (2.5)
This hoie also projets out the massless vetor bosons in the 128 of SO(16) in the
hidden-setor E8 gauge group, thereby breaking the E6 × E8 symmetry to SO(10)×
U(1)×SO(16). The freedom in (2.5) orresponds to a disrete torsion in the toroidal
orbifold model. At the level of the N = 4 Narain model generated by the set (2.2),
we an dene two models, Z+ and Z−, depending on the sign of the disrete torsion
in eq. (2.5). The rst, say Z+, produes the E8 ×E8 model, whereas the seond, say
Z−, produes the SO(16)×SO(16) model. However, the Z2×Z2 twist ats identially
in the two models and their physial harateristis dier only due to the disrete
torsion eq. (2.5). The partition funtions orresponding to the Z− and Z+ vaua are
given respetively by
Z− = (V8 − S8) ×
[ (|O12|2 + |V12|2 ) (O16O16 + C16C16)
+
(|S12|2 + |C12|2 ) (S16S16 + V 16V 16)
+
(
O12V 12 + V12O12
) (
S16V 16 + V 16S16
)
+
(
S12C12 + C12S12
) (
O16C16 + C16O16
)]
(2.6)
and
Z+ = (V8 − S8)
[|O12|2 + |V12|2 + |S12|2 + |C12|2] (O16 + S16) (O16 + S16) , (2.7)
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depending on the sign of the disrete torsion in eq. (2.5). Here we have written Z±
in terms of level-one SO(2n) haraters (see, for instane [18℄)
O2n =
1
2
(
ϑn3
ηn
+
ϑn4
ηn
)
,
V2n =
1
2
(
ϑn3
ηn
− ϑ
n
4
ηn
)
,
S2n =
1
2
(
ϑn2
ηn
+ i−n
ϑn1
ηn
)
,
C2n =
1
2
(
ϑn2
ηn
− i−nϑ
n
1
ηn
)
. (2.8)
These two models an atually be onneted by the orbifold
Z− = Z+/a⊗ b , (2.9)
with
a = (−1)F intL +Fξ1 ,
b = (−1)F intL +Fξ2 , (2.10)
where F intL is a fermion number in the internal lattie and Fξ1, Fξ2 are fermion num-
bers ating in the observable and hidden gauge setors, respetively. The orbifold
projetion given in eqs (2.9) and (2.10) is dened at the free fermioni point in the
moduli spae sine Z+ and Z− are expressed at this point. However, it an be gener-
alised to arbitrary points in the moduli spae and hene an be employed to onstrut
orbifold models that originate from the Z− partition funtion, in analogy to the ase
in the free fermioni onstrutions. Let us onsider for simpliity the ase of six
orthogonal irles with radii Ri. The partition funtion reads
Z+ = (V8 − S8)
(∑
m,n
Λm,n
)⊗6 (
O16 + S16
) (
O16 + S16
)
, (2.11)
where as usual, for eah irle,
piL,R =
mi
Ri
± niRi
α′
(2.12)
and
Λm,n =
q
α′
4
p2
L q¯
α′
4
p2
R
|η|2 . (2.13)
In the ase of one ompatied dimension the Z+ partition funtion is given by
Z9d+ = (V8 − S8) Λm,n
(
O16 + S16
) (
O16 + S16
)
. (2.14)
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Applying the orbifold projetions
a = (−1)Fξ1δ ,
b = (−1)Fξ2δ , (2.15)
where δx9 = x9+piR, ξ1 = {ψ¯1,··· ,5, η¯1,2,3} and ξ2 = {φ¯1,··· ,8}, in Z9d+ produes the Z9d−
partition funtion given by
Z9d− =
√
τ2Zbos.(V8 − S8) [ Λ2m,n
(
O16O16 + C16C16
)
+ Λ2m+1,n
(
S16S16 + V 16V 16
)
+ Λ2m,n+ 1
2
(
S16V 16 + V 16S16
)
+ Λ2m+1,n+ 1
2
(
O16C16 + C16O16
)]
.
(2.16)
We note here that the shift given by δ diers from the shifts that were found in ref. [7℄
to reprodue the partition funtion of the SO(12) lattie at the maximally symmetri
free fermioni point, given in eq.(2.7). Sine the string on a ompatied oordinate
ontains momentum and winding modes, one an shift the oordinate along either
and also allow shifts that mix the momentum and winding modes. Indeed, the preise
identiation of the lattie at the free fermioni point is obtained for shifts that mix
momentum and winding modes. Here, we restrit ourselves to the simpler shifts and
inorporation of other shifts is left for future work.
The partition funtion from the free fermion model {1, S, ξ1, ξ2}, with 1+S+ξ1+
ξ2 = {y1, ω1 | y¯1, ω¯1}, is given by1
Z9d =
1
24
(
θ43 − θ44 − θ42 − θ41
) {(|θ3|2 + |θ4|2 + |θ2|2 + |θ1|2) (θ¯163 + θ¯164 + θ¯162 + θ¯161 )
+
[
|θ3|2 + |θ4|2 + c
(
ξ1
ξ2
)(|θ2|2 + |θ1|2)] [θ¯83 θ¯84 + θ¯84θ¯83 + c
(
ξ1
ξ2
)(
θ¯82 θ¯
8
1 + θ¯
8
1 θ¯
8
2
)]
+
[
|θ3|2 + c
(
ξ1
ξ2
)(|θ4|2 + |θ1|2)+ |θ2|2] [θ¯82 θ¯83 + θ¯83θ¯82 + c
(
ξ1
ξ2
)(
θ¯84 θ¯
8
1 + θ¯
8
1 θ¯
8
4
)]
[
c
(
ξ1
ξ2
)(|θ3|2 + |θ1|2)+ θ4|2 + |θ3|2] [θ¯82 θ¯84 + θ¯84 θ¯82 + c
(
ξ1
ξ2
)(
θ¯83θ¯
8
1 + θ¯
8
1 θ¯
8
3
)]}
.
(2.17)
In terms of the haraters given in eq. (2.8) we have
Z+ = (V8 − S8)
(|O2|2 + |V2|2 + |S2|2 + |C2|2) (O16 + S16) (O16 + S16) (2.18)
and
Z− = (V8 − S8) ×
[(|O2|2 + |V2|2) (O16O16 + C16C16)
1
We inluded the terms with θ1 to failitate the translation to the haraters given in eq. (2.8).
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+
(|S2|2 + |C2|2) (S16S16 + V 16V 16)
+
(
O2V 2 + V2O2
) (
S16V 16 + V 16S16
)
+
(
S2C2 + C2S2
) (
O16C16 + C16O16
)]
. (2.19)
In this ase the orbifold operation is
a = (−1)F intL +Fξ1 ,
b = (−1)F intL +Fξ2 , (2.20)
where F intL ats on 9
th
dimension.
2.1 10D ase
We omment here on the ten dimensional ase. The free fermioni model is
{1, ξ1, ξ2}, with 1 + ξ1 + ξ2 = S.
Z10d =
1
23
{(
θ43 − θ44 − θ42 − θ41
) (
θ¯163 + θ¯
16
4 + θ¯
16
2 + θ¯
16
1
)
+
[
θ43 − θ44 − c
(
ξ1
ξ2
)(
θ42 + θ
4
1
)] [
θ¯83θ¯
8
4 + θ¯
8
4 θ¯
8
3 + c
(
ξ1
ξ2
)(
θ¯82θ¯
8
1 + θ¯
8
1θ¯
8
2
)]
+
[
θ43 − c
(
ξ1
ξ2
)(
θ44 + θ
4
1
)− θ42
] [
θ¯82θ¯
8
3 + θ¯
8
3 θ¯
8
2 + c
(
ξ1
ξ2
)(
θ¯84θ¯
8
1 + θ¯
8
1θ¯
8
4
)]
[
c
(
ξ1
ξ2
)(
θ43 − θ41
)− θ44 − θ42
] [
θ¯82 θ¯
8
4 + θ¯
8
4 θ¯
8
2 + c
(
ξ1
ξ2
)(
θ¯83θ¯
8
1 + θ¯
8
1 θ¯
8
3
)]}
.
(2.21)
In terms of SO(2n) haraters Z+ and Z− are respetively given by
Z+ = (V8 − S8)
(
O16 + S16
) (
O16 + S16
)
(2.22)
and
Z− = V8
(
O16O16 + C16C16
)− S8 (S16S16 + V 16V 16)
+ O8
(
S16V 16 + V 16S16
)− C8 (O16C16 + C16O16) . (2.23)
The projetion implemented in Z+ is
a = (−1)F+Fξ1 ,
b = (−1)F+Fξ2 , (2.24)
with F the spae-time fermion number and Fξ1,2 as before. The hoie for the disrete
torsion is "−". The projetion in the ten dimensional ase reprodues the partition
funtion of the nonsupersymmetri SO(16) × SO(16) heteroti string. Thus, we
note that in the free fermion model the same disrete hoie of the phase c
(
ξ1
ξ2
)
is
employed in the ten dimensional and four dimensional models.
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3 Little heteroti strings
In this setion we explore other orbifold projetions indued by the orbifold given
in eq. (2.15). We omment that the new partition funtions that we onstrut
are mathematially onsistent in the sense that they satisfy modular invariane and
worldsheet supersymmetry. Furthermore, they admit the Jaobi thetafuntion
identity on the worldsheet supersymmetri side. Therefore, the spetrum possesses
N = 4 spaetime supersymmetry and the partition funtion in identially zero. Con-
sequently, supersymmetri nonrenormalization theorems indiate that these string
partition funtions are mathematially onsistent also at multiloops. However, these
string solutions are not physial in the sense that the graviton and gauge vetor
bosons are projeted out by the GSO projetions. Additionally, the onventional
spinstatistis assignments, while they hold for massless states, are ipped for mas-
sive states in the string spetrum. Hene, the partition funtions that we present
below do not give rise to physial vaua and orresponding low energy eetive eld
theories. Nevertheless, in our judgement they do orrespond to mathematially on-
sistent solutions in the sense artiulated above and their role for a omplete under-
standing of string theory is therefore important. We omment that in terms of free
fermion it is well known that the ondition c
(
NS
bj
)
= δbj guarantees the existene of
the graviton in the spetrum. Analysis of partition funtions that do not satisfy this
ondition has not been presented to date.
The partition funtion of the E8×E8 heteroti string in ten dimensions ompati-
ed on a generi six torus is shown in eq. (2.11). We introdue a shift in one ompat
dimension x9
δ : x9 → x9 + piR, δ2 = 1 (3.1)
and onsider the orresponding shift orbifold generated by the elements
(1, (−1)Fξ1δ, (−1)Fξ2δ, (−1)Fξ1+Fξ2 ) = (1, a, b, ab) ,
where Fξ1 is the fermion number in the setor desribing the rst E8 gauge group
and Fξ2 is the fermion number in the setor desribing the seond E8 gauge group.
One an onsider dierent options for the signs of the elements of the orbifold group.
Dierent hoies will obviously lead to dierent partition funtions after orbifolding
of the initial model. We introdue the projetion operator
1∓ (−1)Fξ1 δ
2
× 1 + (−1)
Fξ2δ
2
=
1
4
{1∓ (−1)Fξ1δ + (−1)Fξ2δ ∓ (−1)Fξ1+Fξ2} (3.2)
and proeed with the hoie of the minus sign in the rst projetor of eq. (3.2).
The full partition funtion whih is obtained from (2.11) and is invariant under the
orbifold group is given by
Ztot = Zoo +
∑
i
Zoi +
∑
i
(Zio + Zii) + co
∑
i 6=j
Zij , (3.3)
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where i, j ∈ {−a, b,−ab} and the onstant co is the disrete torsion whih an assume
values ±1. The rst two terms in (3.3) orrespond to the untwisted setor of the
orbifold and are given by
Zo = Zoo +
∑
i
Zoi = Zo,o − Zo,ab − Zo,a + Zo,b (3.4)
or expliitly
Zo =
1
4
(V8 − S8)Λ1Λ2Λm′,n′Λm,n[ (O16 + S16)(O16 + S16)
− (O16 − S16)(O16 − S16)
+ (−1)m{−(O16 − S16)(O16 + S16)
+ (O16 + S16)(O16 − S16)}] . (3.5)
In a similar way the last two terms in (3.3) orrespond to the twisted setor and they
read expliitly∑
i
(Zio + Zii) = −Za,o + Zb,o − Zab,o − Za,a + Zb,b − Zab,ab , (3.6)
∑
i 6=j
Zi,j = Za,b + Zb,a + Zab,a + Zab,b + Zb,ab + Za,ab. (3.7)
Below we hoose the value of co to be +1. Let us note also that if one takes the
sign + in the projetion (3.2) then all terms in equations (3.4), (3.6), (3.7) whih
have the sign − will hange it to +. It is straightforward to hek that the partition
funtion (3.3) is invariant under S and T transformations, as well under the ation
of the orbifold group. Putting all these into (3.3) we nally obtain
Z− = (V8 − S8)Λ1Λ2Λm′,n′
[
Λ2m,n (S16O16 − C16C16)
+ Λ2m+1,n (O16S16 − V 16V 16)
+ Λ2m,n+ 1
2
(S16C16 − C16O16)
+ Λ2m+1,n+ 1
2
(O16V 16 − V 16S16)
]
. (3.8)
From the expression above one an see that the zero mass spetrum of the model
does not ontain the graviton beause of the absene of the term O16O16 in the right
setor. By similar reason there are no gauge degrees of freedom either sine the
adjoint representation of the gauge group has been projeted out as well. Essentially
one ends up with a number of salar, vetor and fermion elds in the zero mass setor.
On the other hand, if one takes the seond (+) sign in the equation (3.2), one obtains
the model desribed by a partition funtion
Z ′− = (V8 − S8)Λ1Λ2Λm′,n′
[
Λ2m,n (O16O16 + C16C16)
+Λ2m+1,n (S16S16 + V 16V 16)
+Λ2m,n+ 1
2
(O16C16 + C16O16)
+Λ2m+1,n+ 1
2
(V 16S16 + S16V 16)
]
, (3.9)
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with co = +1, whih ontains both gravity and Yang-Mills elds as its massless exi-
tations. Therefore, we observe that starting from the E8 × E8 heteroti superstring
and performing dierent orbifold projetions one an obtain mathematially onsis-
tent heterotistring solutions with or without gravity and Yang-Mills elds. We
note from eq. (3.8) that the seond term in eah row has the opposite sign in terms
of spaetime spin statistis. All the states with the "wrong" spaetimes statistis
are massive string states, whereas the massless states satisfy the onventional spin
statistis assignments. Clearly, therefore, the partition funtion does not give rise to
a physial vauum with a loal eetive eld theory limit. The violation of the spin
statistis assignments indiates the presene of ghosts in the spetrum and may signal
mathematial inonsisteny of this solution for oneloop, or multiloop amplitudes.
However, owing to the Jaobi identity on the supersymmetri side of eq. (3.8) the
spetrum is supersymmetri and tahyon free. Consequently, the oneloop partition
funtion in eq. (3.8) vanishes exatly, whereas supersymmetri nonrenormalization
theorems indiate that multiloop amplitudes are not renormalized. In the next se-
tion we perform a further Z2 orbifold projetion of eq. (3.8) and disuss the spetra
in more details.
As a seond example of a little heteroti string we onsider the orbifold of (2.11)
by the projetion operator given by
1− (−1)Fξ1 δ
2
× 1− (−1)
Fξ2δ
2
=
1
4
{1− (−1)Fξ1δ − (−1)Fξ2δ + (−1)Fξ1+Fξ2} . (3.10)
In this ase the resulting partition funtion for the ase with co = −1 is given by
Z
′′
− = (V8 − S8)Λ1Λ2Λm′,n′
[
Λ2m+1,n (O16O16 + C16C16)
+ Λ2m,n (S16S16 + V 16V 16)
− Λ2m,n+ 1
2
(C16O16 +O16C16)
− Λ2m+1,n+ 1
2
(S16V 16 + V 16S16)
]
. (3.11)
We note from the rst line of eq. (3.11) that in this ase the O16O16 term on the
non-supersymmetri side, that gives rise to the graviton and gauge vetor bosons, is
present. However, this term ouples to Λ2m+1,n in the ompatied shifted lattie,
whih is massive at generi points in the moduli spae. and gives rise to massless
states at the enhaned symmetry point with R =
√
α′. Also in this ase the graviton
and the gauge vetor bosons are not among the massless states. From the third
and fourth rows of eq. (3.11) we note again that the massive states produed by
this partition funtion do not satisfy the physial spinstatistis assignments. In this
model the states with the "wrong" statistis ouple to a lattie with winding modes
shifted by 1/2 and hene there are no zero modes with the wrong statistis. We note
in these examples a link between the projetion of the graviton and the assignments of
"wrong" statistis in the massive string spetrum. As we argued above, while learly
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nonphysial, this does not signal a mathematial inonsisteny of these solutions for
one or multiloop amplitudes, due to existene of supersymmetry in the spetrum,
owing to the Jaobi identity on the supersymmetri side. One an further ontemplate
in the ase of (3.11) the breaking of N = 4 to N = 2 and N = 1 by Z2 twists of the
internal lattie and the possibility that the resulting spetrum in the twisted setors
is physially sensible, i.e. that the massless twisted states satisfy the onventional
spinstatistis assignments.
4 Z2 projetion
In this setion we onsider the Z2 orbifold of the partition funtion (3.8). The Z2
is generated by the elements (1, h) where h ats on the oordinates of the internal
tori as
Z1 → eipiZ1 , Z2 → eipiZ2 , Z3 → Z3 .
As in the ase of the standard embedding the element h ats non-trivially on the gauge
degrees of freedom of the heteroti string as well. For this reason it is onvenient to
deompose the SO(2n) haraters in suh a way to keep O4, V4, S4 and C4 fators
(on whih the element h ats non-trivially) expliit. In partiular the Zoo part of the
partition funtion or equivalently the partition funtion (3.8) an be rewritten in the
form
Z
oo
=
1
4
[
V4O4 +O4V4 − S4S4 − C4C4
]
Λ1Λ2Λm′,n′ (4.1)
×{(Λ2m,n + Λ2m,n+ 1
2
)(S4S12 + C4C12 − S4C12 − C4S12)(O16 + C16)
+(Λ2m,n − Λ2m,n+ 1
2
)(S4S12 + C4C12 + S4C12 + C4S12)(O16 − C16)
+(Λ2m+1,n + Λ2m+1,n+ 1
2
)(O4O12 + V 4V 12 − V 4O12 −O4V 12)(S16 + V 16)
+(Λ2m+1,n − Λ2m+1,n+ 1
2
)(O4O12 + V 4V 12 + V 4O12 +O4V 12)(S16 − V 16)}.
In order to obtain Z
oh
= hZ
oo
let us reall how the operator h ats on the SO(2n)
haraters. In partiular we have
O4 → O4 , V4 → −V4 , S4 → −S4 , C4 → C4
and
O16 = O4O12 + V4V12 → +O4O12 − V4V12,
V16 = V4O12 +O4V12 → −V4O12 +O4V12,
S16 = S4S12 + C4C12 → −S4S12 + C4C12,
C16 = S4C12 + C4S12 → −S4C12 + C4S12.
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We also need to take into aount that h(Λ1Λ2)→ |2ηθ2 |4. Therefore we obtain
Z
oh
=
1
4
[− V4O4 +O4V4 + S4S4 − C4C4]Λm′,n′|2η
θ2
|4 (4.2)
×{(Λ2m,n + Λ2m,n+ 1
2
)(−S4S12 + C4C12 + S4C12 − C4S12)(O16 + C16)
+(Λ2m,n − Λ2m,n+ 1
2
)(−S4S12 + C4C12 − S4C12 + C4S12)(O16 − C16)
+(Λ2m+1,n + Λ2m+1,n+ 1
2
)(O4O12 − V 4V 12 + V 4O12 − O4V 12)(V 16 + S16)
+(Λ2m+1,n − Λ2m+1,n+ 1
2
)(O4O12 − V 4V 12 − V 4O12 +O4V 12)(S16 − V 16)
}
.
The massless ontributions are given by
C4C12O16
η8
× O4V4 − C4C4
η8
,
S4S12O16
η8
× V4O4 − S4S4
η8
, (4.3)
sine left and right ontributions give
C4C12O16
η8
∼ 26q0, S4S12O16
η8
∼ 26q0,
O4V4
η8
∼ 4q0, V4O4
η8
∼ 4q0, S4S4
η8
∼ 4q0, C4C4
η8
∼ 4q0.
From the expressions above one an read the ontent of the massless spetrum in
terms of the six dimensional N = (1, 1) (whih gives D = 4 N = 4 supersymmetry
upon the dimensional redution to four dimensions) SUSY multiplets. In partiular
one has 26 massless (1, 1) multiplets, whose bosoni part ontains one vetor and four
salar elds.
In order to obtain the partition funtion in the twisted setor one should apply
the hain of transformations
Z
ho
= SZ
oh
, Z
hh
= TZ
ho
.
Doing so, one nally obtains
2
Z
ho
=
1
4
[− V4C4 + S4V4 −O4S4 + C4O4]Λm′,n′ × 16| η
θ4
|4 (4.4)
×{(Λ2m,n + Λ2m,n+ 1
2
)(O4S12 − O4C12 − V 4S12 + V 4C12)(O16 + C16)
+(Λ2m+1,n + Λ2m+1,n+ 1
2
)(S4O12 − S4V 12 + C4V 12 − C4O12)(S16 + V 16)
+(Λ2m,n − Λ2m,n+ 1
2
)(O4S12 +O4C12 + V 4S12 + V 4C12)(O16 − C16)
+(Λ2m+1,n − Λ2m+1,n+ 1
2
)(S4O12 + S4V 12 + C4O12 + C4V 12)(S16 − V 16)
}
,
2
In order to perform S transformations it is onvenient to rewrite CC − SS = 1
2
((C − S)(C +
S) + (C + S)(C − S)) et.
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Z
hh
=
1
4
[− V4C4 + S4V4 +O4S4 − C4O4]Λm′,n′ × 16| η
θ3
|4 (4.5)
×{(Λ2m,n + Λ2m,n+ 1
2
)(−O4S12 +O4C12 − V 4S12 + V 4C12)(O16 + C16)
+(Λ2m+1,n − Λ2m+1,n+ 1
2
)(S4O12 + S4V 12 − C4V 12 − C4O12)(S16 − V 16)
+(Λ2m,n − Λ2m,n+ 1
2
)(−O4S12 −O4C12 + V 4S12 + V 4C12)(O16 − C16)
+(Λ2m+1,n + Λ2m+1,n+ 1
2
)(S4O12 − S4V 12 + C4O12 − C4V 12)(S16 + V 16)
}
.
The massless ontributions are given by
O4S12O16
η2θ¯24
× O4S4 − C4O4
η2θ24
, (4.6)
sine left and right ontributions give
C4C12O16
η2θ¯24
∼ 25q0, O4S4
η2θ24
∼ 2q0, C4O4
η2θ24
∼ 2q0.
As it was for the ase of the untwisted setor one an group the massless spetrum
in terms on six dimensional supersymmetry multiplets. In the twisted setor one has
D = 6 N = 1 supersymmetry (whih gives D = 4 N = 2 upon the redution to four
dimensions) and the massless spetrum forms 25 half-hypermultiplets.
Repeating similar steps for the model (3.9) one obtains the following massless
ontributions. In the untwisted setor one has N = 2 D = 6 SUGRA multiplet and
YangMills multiplet
O4O12O16
η8
× O4V4 − C4C4
η8
,
V 4V 12O16
η8
× V4O4 − S4S4
η8
, (4.7)
O4V 12V 16
η8
× O4V4 − C4C4
η8
,
V 4O12V 16
η8
× V4O4 − S4S4
η8
(4.8)
and in the twisted setor one has N = 1, D = 6 half hypermultiplets
C4V 12O16
η2θ¯24
× O4S4 − C4O4
η2θ24
,
S4O12O16
η2θ¯24
× O4S4 − C4O4
η2θ24
. (4.9)
5 String Thermodynamis
In order to study further various properties of the model suh as the asymptoti
density of the states, the Hagedorn transitions et., one an onsider the string ther-
modynamis at nonzero temperature (see for example [1924℄ and referenes therein).
This is usually done by onsidering a propagation of the superstring with the time
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oordinate being Wik rotated and ompatied on a irle. The radius β of the
ompatied Eulidean time is inverse to the temperature T , i.e.,
X0(σ, τ) = x0 +
2pimτ
β
+
nβσ
pi
+ osc. (5.1)
The orresponding free energy is expressed as an integral over the fundamental do-
main of the torus [22℄
F
V
=
1
4
(
1
4piα′
)
5 ∫ d2τ
τ 62
∑
n,m∈Z
(V8(n,m)− S8(n,m))(O16 + S16)(O16 + S16)e−Sβ(n,m).
(5.2)
Here V is a spatial volume and the usual SO(8) haraters are modied aording to
V8(n,m) = θ
4
3U3(n,m)− θ44U4(n,m)
2η4
, S8(n,m) = θ
4
2U2(n,m) + θ
4
1U1(n,m)
2η4
, (5.3)
where
U1(n,m) =
1
2
(−1 + (−1)n + (−1)m + (−1)n+m), (5.4)
U2(n,m) =
1
2
(1− (−1)n + (−1)m + (−1)n+m),
U3(n,m) =
1
2
(1 + (−1)n + (−1)m − (−1)n+m),
U4(n,m) =
1
2
(1 + (−1)n − (−1)m + (−1)n+m),
and
Sβ(n,m) =
β2
4piα′τ2
(m2 + n2|τ |2 − 2τ1nm). (5.5)
The modular invariane of (5.2) an be easily heked using the rules
U1(n,m) S−→ U1(m,−n) , U2(n,m) S−→ U4(m,−n) ,
U3(n,m) S−→ U3(m,−n) , U4(n,m) S−→ U2(m,−n) ,
U1(n,m) T−→ U1(n,m− n) , U2(n,m) T−→ U2(n,m− n) ,
U3(n,m) T−→ U4(n,m− n) , U4(n,m) T−→ U3(n,m− n) ,
Sβ(n,m) S−→ Sβ(m,−n) , Sβ(n,m) T−→ Sβ(n,m− n) .
(5.6)
As a result of the ompatiation on the irle the mass-shell ondition for the
heteroti string gets modied by the terms whih involve the temperature
M2R
8
= N − 1
2
+
1
2
(
pim˜
β
− nβ
2pi
)
2
,
M2L
8
= N˜ − 1 + 1
2
(
pim˜
β
+
nβ
2pi
)
2
, (5.7)
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where m˜ is allowed to assume also half-integer values [22℄. As a result of the presene
of the funtions Ui(n,m) in the partition funtions, the usual GSO projetion gets
modied and ertain states whih have been projeted out at zero temperature may
reappear, suh as for example N = N˜ = 0 and n = 1, m˜ = 1
2
. Due to the dependene
on β in the mass-shell equations these states beome tahyoni at ertain temperature
(Hagedorn transition) indiating the instability of the system at high energies.
Now one an follow the same lines as for the ase of T = 0. Let us note that the
modiation omparing to the ase of T = 0 is (V8 − S8) → (V8 − S8)e−Sβ , whereas
the right part of the partition funtion with nonzero temperature is the same as in
(4.2), (4.4), (4.5) and we shall not spell it out expliitly. After applying onsequently
Z2, S and T transformations on (V8 − S8) one gets therefore:
• For Z
oo
in eq. (4.1),
[
V4O4 +O4V4 − S4S4 − C4C4
]
is substituted by
1
2η4
∑
m,n
(U3θ
2
3θ
2
3 − U4θ24θ24 − U2θ22θ22 − U1θ21θ21)e−Sβ (5.8)
• For Z
oh
in eq. (4.2),
[− V4O4 +O4V4 + S4S4 − C4C4] is substituted by
1
2η4
∑
m,n
(U3θ
2
3θ
2
3 − U4θ24θ24 − U2θ22θ22 − U1θ21θ21)e−Sβ (5.9)
• For Z
ho
in eq. (4.4),
[− V4C4 + S4V4 − O4S4 + C4O4] is substituted by
1
2η4
∑
m,n
(U3θ
2
2θ
2
3 − U2θ23θ22 − U4θ21θ24 − U1θ24θ21)e−Sβ (5.10)
• For Z
hh
in eq. (4.5),
[− V4C4 + S4V4 +O4S4 − C4C4] is substituted by
1
2η4
∑
m,n
(U3θ
2
2θ
2
4 − U4θ24θ22 − U2θ21θ23 − U1θ23θ21)e−Sβ . (5.11)
Now having the partition funtion one an study in detail the orresponding high
energy thermodynamis following the lines of [24℄. On the other hand, having in-
trodued the temperature dependene into the partition funtion, one an onsider
a more general orbifold projetion ompared to the one whih has been done in the
setion 3. Namely, one an make the sign in the projetion (3.2) to depend on the
integers n and m, whih orresponds to the "ompatied" time diretion. In other
words, one an introdue the temperature dependene into the orbifold projetion as
well. In this ase one an onsider a ertain duality between two a priory dierent
models onsidered above. A partiular hoie of the + sign in (3.2) if both m and
n are even and of the − sign if at least one of m and n is odd leads to the modular
invariant partition funtion whih is a superposition of the partition funtions Z ′−
(for m,n even) and Z− (for at least one of m,n is odd). In this partiular model one
has the gravity and Yang-Mills elds from the model desribed by Z ′−, whereas the
massive exitations are desribed by the ones of both Z ′− and Z−.
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6 Conlusions
In this paper we studied orbifolds of the heteroti E8 × E8 string in whih the
graviton is projeted out. Our starting point is the partition funtion of the E8×E8
heterotistring ompatied on a six torus T 2 × T 2 × T 2. Our Z2 × Z2 orbifold
inludes a spei shift orbifold projetion whih ats on an internal irle oupled
with the fermion numbers of the gauge degrees of freedom. The ation of this orbifold,
in general, results in the breaking of E8×E8 to SO(16)×SO(16) and reprodues the
equivalent breaking in the quasirealisti free fermioni models, where it is realised
by a disrete hoie of a generalised GSO phase. Our paper laries in this sense the
relation between free fermion models and orbifold models. The breaking indued by
the orbifold of eq. (2.15) an be implemented in onstrutions of quasirealisti orb-
ifold models. The phenomenologial advantages that it may oer over onventional
Wilsonline breaking is in the Higgsmatter splitting [6℄. We then studied variations
of this Z2 × Z2 orbifold by modifying the sign of the orbifold and onstruting the
modular invariant partition funtion. Additionally, we studied a Z2 projetion whih
ats on four out of six oordinates of the ompatied torus.
Depending on the sign of the generator of the orbifold groups one gets dierent
models. The resulting models are modular invariant. They possess N = 4, or N = 2,
spaetime supersymmetry and have rather dierent low energy spetra. While the
rst ontains the graviton and the gauge vetor bosons among its massless exitation,
the seond model has neither graviton nor Yang-Mills elds in the massless spetrum,
anywhere in the moduli spae, owning to the absene of the O16O16 harater in the
partition funtion. In the third model that we introdued the O16O16 harater does
appear in the partition, but ouples to the lattie term Λ2m+1,n, whih is massive at a
generi point in the moduli spae. It is tempting to onjeture a loser onnetion of
the latter two models with the little string theory, where the graviton is also onsis-
tently deoupled, without taking the low energy limit α′ → 0. A more detailed study
of the thermodynamis of the model ould hopefully give some more insight into a
possible onnetion with little string theories, where the high energy thermodynamis
has been studied extensively [8, 9℄. We have further seen that the massive spetrum
in the resulting partition funtions does not admit the onventional spinstatistis as-
signments. In the third model this is learly the ase, as the terms with the "wrong"
statistis ouple to a lattie term, with winding modes shifted by 1/2, whereas in the
seond ase loser examination of the relevant haraters shows that this is indeed
the ase. We therefore see a onnetion between the projetion of the graviton and
the reversal of the usual spinstatistis assignments in the massive string spetrum.
Curiously enough, the massless terms still preserve the onventional spinstatistis
assignments. Clearly, the absene of the graviton and the gauge vetor bosons, as
well as the mismath of the spinstatistis, mean that these models are not physial
vaua. We artiulated that this indiates the existene of ghosts in these models, but
owning to the existene of the Jaobi identity on the supersymmetri side and the su-
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persymmetri nonrenormalisation theorems, their partition funtions orrespond to
mathematially onsistent solutions for one, as well as multiloop, amplitudes. One
may question whether the orret spinstatistis assignments need to hold for the
massive string spetrum. The hange of the onventional spinstatistis assignments
in the massive string spetrum may indiate the breaking of Lorentz ovariane, a
tenant of loal quantum eld theories, above the string sale.
We briey disussed the generalization of our orbifold models to the ase when
the orbifold projetion depends on the temperature. This generalization allows in a
ertain sense to ombine the two models under the onsideration. In this ase the
gravity and Yang-Mills theories appear at the low energy spetrum while the massive
exitations are desribed by the ones of both models.
The string solutions presented in this paper are learly nononventional. In
string onstrutions to date the orret spinstatistis assignment for all string states
is taken as a pivotal requirement. However, our view is that our understanding of
string theory is still very rudimentary. Its varying features should be explored and
onventional wisdom be hallenged in order to gain deeper insight. The existene
of mathematially onsistent string solutions, whih do not ontain gravity, possibly
oupled with a breakdown of Lorentz ovariane above the string sale, suggests an
interesting senario. Namely, gravity and loal gauge theories as emerging eetive
eld theories below the string sale.
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